The general framework of the N = 2 Wess-Zumino holomorphic supersymmetric quantum mechanics with polynomial superpotentials is extended to the case of non polynomial superpotentials V(z) (ZEC) in a mathematically rigorous way. It is also proved that there exist no fermionic zero-energy states. Under some conditions for V, the operator domain of the supercharges and the supersymmetric Hamiltonian are identified. As an example, the model with V(z) = Ae az (AEC\ {OJ, a> 0) is analyzed in view of index theory. The following remarkable result is proved: There exist infinitely many bosonic zero-energy states which are localized in the momentum space dual to the 1m Z direction. The results are applied to two models in atomic and nuclear physics.
I. INTRODUCTION
In Ref. 1, Jaffe et al. considered two models of supersymmetric quantum mechanics (SSQM), which are the quantum mechanics versions of the two-dimensional, N = 1 and N = 2 Wess-Zumino quantum field models; they also computed the Witten index (=the number of bosonic zeroenergy states minus the number of fermionic zero-energy states) in each model. In particular, it was proved that in the N = 2 Wess-Zumino SSQM with an arbitrary polynomial superpotential V(z) (ZEC), there exist no fermionic zeroenergy states (the "vanishing theorem") and the Witten index I w is equal to the number of bosonic zero-energy states, with Iw = deg V-I. (1.1 ) In this paper, we consider the N = 2 Wess-Zumino SSQM with nonpolynomial holomorphic superpotentials and try to extend the results for the case of the polynomial potentials considered in Ref. 1. This is at least mathematically interesting: Formula ( 1.1) shows that the Witten index is determined by the order of singularity of the superpotential at Z = 00 and suggests formally that the Witten index is infinite in the case of nonpolynomial holomorphic superpotentials, for they have the essential singularity at Z = 00. Note, also, that a non polynomial entire function is the limit of a sequence {V n (z) }:= I of polynomials with deg Vn = n.
In Sec. II, we describe in a mathematically rigorous way a fundamental framework for the Wess-Zumino hoi om orphic SSQM with not necessarily polynomial superpotentials. We shall show that some results in Ref. 1 can be extended. For example, the "vanishing theorem" holds also in the present case (Proposition 2.5). In Sec. III, we consider the case with V(z) = Ae az (AEC\ {OJ, a> 0) and prove by identifying the space of the bosonic zero-energy states exactly that there exist infinitely many bosonic zero-energy states. Thus as far as this special model is concerned, the result justifies the above formal argument. It is noted that every bosonic zero-energy state is localized in the momentum space dual to the 1m Z direction. In Sec. IV, we apply the result in Sec. III to two models in atomic and nuclear physics: One is a model of a nonrelativistic spin-! particle in an external SU (2) gauge field and the other is a model of a nonrelativistic nucleon in a pion field. These models were discussed in Ref. 1 in order to give physical interpretation to the Wess-Zumino holomorphic SSQM. In each model, the potential is twodimensional and periodic in one direction (e.g., the y direction). It is shown that each model has infinitely many zeroenergy states which are localized in the momentum space dual to the y direction.
II. WESS-ZUMINO SSQM WITH GENERAL HOLOMORPHIC SUPER POTENTIALS
In this section we recapitulate the definition of the N = 2 Wess-Zumino holomorphic SSQM I (cf., also, Refs. 2 and 3) and extend some mathematical results obtained in the case of polynomial potentials I to the case of general holomorphic potentials.
The Hilbert space JY' of state vectors for the model is given by
JY'=LZ(]R2;C 4 ).

(2.1)
In order to define the supercharges, we introduce 4 X 4 matrices tPI and tPz by
where (Tj,j = 1,2,3 are the Pauli matrices
and I is the 2 X 2 identity matrix. The matrices tPl and tP2 satisfy the anticommutation relations {tPj,tPt} = Djk , 5) where {A,B}=AB + BA.
Let V(z) be a holomorphic function on C (not necessarily polynomial) and consider the operators 
and hence, in particular, 
By a general fact of a SSQT, H is reduced by JY ± ; we shall denote the reduced part of H to JY ± by H ± . We have We now proceed to the index problem. The Witten index I w is defined by the number of bosonic zero-energy states minus the number offermionic zero-energy states C2.28)
Hence we obtain
Remark: The arguments leading to C2.26)-C2.29) apply to every SSQT and the results are well known.
Proposition 2 In the case where V is not necessarily a polynomial, it may happen that H _ is not closed on DCJa) nDC IJV 12) and hence that H _ n = 0 is not equivalent to -Jan = 0 and IJV 1 2 n = 0, as in the case of polynomial potentials V.
Proof." The operator h == -Ja + IJV 12 is a two-dimen- 
C2.39)
It follows from C2.37) and (2.38) that
Substituting these relations into C2.39), we obtain (2.33). Similarly, using C2.38), we can show that (2.32) holds.
Cii) The part "only if" is obvious by (2.38). To prove the part "if," we first note that (2.34) gives C2.38). Hence it follows that CJV)g is in L 2(]R2) [i.e., gED(aV)] and
(2.40) Using C2.32) and C2.38) to rewrite C2.40), we obtain C2.37). In particular, we have gEDCJ). Thus we have proved that (J,g) is in DCJ) nDC IJV I) and satisfies C2.37) and (2.38). Therefore C J,g) is in Ker Q +.
(iii) Similar to the proof of C ii ) . D Finally, we consider conditions under which the as-
Lemma 2. 7: Suppose that there exists a constant r> 0 such that for all ZEC satisfying IJ 2 VCz) I ;;'r, the estimate 
D(a) nD(aV) -::JD(H 1:2) = D(Q+). Define the operators and
.. In particular, H + has infinitely many zero-energy states: n+ = 00 .
--a -a ) -i(aV)* on D(a) nD(aV
(3.8) Remarks: (i) The above result shows that in the present model, supersymmetry is unbroken with infinitely degenerate vacua.
(ii) It should be noticed that the Fourier transform fu (x,p) [respectively, fu (x,p) ] of lu (x,y) [respectively, fu (x,y) ] with respect to y has compact support inpER. This means physically that every zero-energy state of H + is strictly localized in the momentum space dual to the y direction. 
D(aa)nD(laVI 2 ) andD(Q+) =D(a)nD(aV).
Proof By taking r sufficiently large in (3.9), the assumption of Lemma 2.8 is satisfied. Thus Lemmas 2.8 and 2.9 give the desired results. 0 The following lemma is derived from Lemma 2.6 (i) and (3.3). Since (I',J) is pure imaginary, it follows that Re E> 0, Thus the desired result follows.
(ii) Let IEL 2(R) be a nonzero solution to Eq. (3.12) and define
Then we have
II/II~ =~ roo t2(a-b)/blv(t)12dt<00
b Jo and v satisfies the Whittaker equation
(3.14 ) (3.15 ) (3.16 )
is not an integer by assumption, the confluent hypergeometric functions MO../er-=--Elb (t) and M o , _ Ja' :'::£Ib (t) (see, e.g., Ref. 9 , Chap. XVI) formafundamental system of solutions to (3.16); every solution to (3.16) is given by a linear combination of these functions. By taking the asymptotic property of M o ,!" (t) as t--O and t--00 into account, we see that possible solutions to (3.16) with condition (3.15) are scalar multiples of the Whittaker function WO"/cT=-Elb (t), with 0<;IRe~a2 -E I <a.
(3.17 )
Condition (3.17) comes from the integrability condition of t2(a-b)/blv(t)12 near t=O. On the contrary, if we define I(x) by relation (3.14) with v(t) = WO.Jer:=Elb (t) under condition (3.15), then I isinL 2(R) (I i=0) and satisfies Eq. (3.12). D Lemma 3.6: (i) Every solution IED(aa) nD(e 2ax ) to Eq. (3.10) has the form (3.4).
(ii) For all uED a , the function lu given by (3.4) is a solution to Eq. (3.10) with/uED(aa) nD(e 2ax ).
Remark: The sets of the solutionsgofEq. (3.11) consist of the complex conjugates of the solutions I to (3.10),
where/(x,p) is the Fourier transform of/(x,y) with respect toy:
{21T
Via Lemma 3.5 (i), Eq. (3.18) has no nonzero solutions
where u is a function on the set S={PERIO <p < 2a,p i= a/ 
we can show that ,la_pl/a (41A le ax ). (3.20) Each term on the rhs of (3.20) is in L 2(R2) and hence a/(x,p)/ax is in L 2(R 2 ). By virtue of (3.18), this implies that a 2/(x,p)/ax 2 isinL 2(R 2 ). We can also seethatp2/(x,p) is inL 2(R 2 ). Thus the function I isinD(aa) nD(e 2ax ). D Lemma 3. 7: Letl u be given by (3.4) with uED a , Then /u isinD(a)nD(e aX ) ande-axa/ u isinL 2 (R 2 ). )
Proof By the proof of Lemma 3.6 we have lu ED(a7h nD(e 2ax ) .
Since
D(aa) nD(e 2ax ) CD(a) nD(e ax ), we obtainluED(a) nD(e ax ).
Let h(x,y) =e-ax(alu)(x,y).
h (x,p) =_e-ax -Iu(x,p) -p/u(x,p (3.21) Sincefu is in L 2 (R2), we need only show that the function R is in L 2(R 2 ). It is easy to see that for every cER, L dp 1"0 dxIR (x,p) 12 < 00 • By the asymptotics of Wk,m (z) at z = 0 and by virtue of the condition supp u C (0,aI2) U (aI2,a) , we see that
and hence
with the continuous functions w \ and W 2 on the support of u.
Therefore, we have L dp J~ 00 dxIR (x,p) 12 < 00 •
Thus we obtain REL 2 (R 2 ).
D
Pro%/Proposition 3.1: Via Lemma 3.6, the set ofsolutions to Eq. (3.10) in D(aii) nD(e 2ax ) consist of just functions of the form/u given by (3.4). If/u andfu given by (3.4) and (3.5), respectively, are in L 2(R2), then R (. ,p) defined by (3.21) must be inL 2(R) for a.e.pE [0,2a] . We can show that if a. ;;p.;;2a, thenR(' ,p) is not inL 2(R) (cf. theproofof Lemma 3.7). Hence we have supp uC [O,a] . Then the first assertion follows from Lemma 2.6(ii) and (iii) and the remark after Lemma 3.6. Via Lemma 3.7, every /u with uEDa satisfies the assumption of Lemma 2.6(ii). Therefore, for every uEDa, the pair (/uJu), with fu given by (3.5), is in Ker Q+ = Ker H+. Via Lemma 2.6(iii) and the remark after Lemma 3.6, we also have (fu)*J!)EKer H+ for every uED a' Thus we obtain (3.7). We have dim D a = 00 and, if the vectors U\'OO"U n EDa are linearly independent, then so are the vectors (/UIJul ),oo',(/UnJu n )' Thus (3.8) follows. D
IV. APPLICATION
In this section, we apply the result in Sec. III to models in atomic and nuclear physics, which were discussed in Ref.
1.
A. Nonrelativistic spin-l particle in an external SU(2) gauge field
Let 7 a , a = 1,2,3 be the generators of the SU(2) group. An external SU(2) gauge field
is given as (4.1) where gER'\ {o} is a coupling constant, V = (a lax\,a I aX 2 ,alax 3 ), 0'= (0'\,0'2,0' The gauge field given by (4.3) and (4.4) is periodic in the X 2 direction. This may be an origin of the existence of infinitely many zero-energy states and the localization of the states in the momentum space dual to the X 2 direction.
B. Nonrelativistic nucleon in an external pion field
The Hamiltonian of a nonrelativistic nucleon in an external pion field ¢J(x) = (¢J\ (X),¢J2(X),¢J3(X»), xER 3 is given by H", = -~V2 + !gO"V( 7'¢J(X») 
